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Strong Stability of Impulsive Systems 
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The strong stability of the zero solution of impulsive systems with impulses at 
fixed moments of time is investigated. It is proved that the existence of piecewise 
continuous functions with certain properties is a necessary and sufficient condi- 
tion for the strong stability of the zero solution of such systems. By using 
differential inequalities for piecewise continuous functions, sufficient conditions 
for the strong stability of the zero solution are found. 

1. I N T R O D U C T I O N  

Systems of  impulsive differential equat ions have many  applications in 
various fields o f  science and technology.  By means o f  these systems one 
can simulate processes and p h e n o m e n a  subject during their evolution to 
short-t ime per turbat ions o f  negligible duration. These perturbat ions lead to 
changes by jumps  of  the state o f  the system. Such systems have attracted 
much  attention recently (Leela, 1977a,b; Pandit,  1977; Pavlidis, 1967; Rao 
and Rao, 1977; Myshkis and Samoilenko,  1967; Samoilenko and Perestjuk, 
1977; Simeonev and Bainov, 1985, 1986; Dishliev and Bainov, 1985a,b). 

Let N ~ be the n-dimensional  Eucl idean space with the norm JJxlJ = 
(~. lX~) 1/2. Let I = [ O ,  oc), r={(t,x)~IxR":llxll<h}=IxBh, O < h = -  
const, Bh = { x c R " :  IIxll < h } .  

Consider  the system of  impulsive differential equations in fixed 
moments  o f  time 

Yc = f ( t ,  x ) ,  t ~ ti 
(1) 

Axl,=, ,  = I i (x ( t i ) )  

where x c R  n, f : F ~  n, A x J ~ = t , = x ( h + O ) - x ( t i - O ) ,  and the impulse 
moments  {ti} form a strictly increasing sequence,  i.e., 0 <  t 1 ( t 2 ( .  �9 �9 and 
limi_~ ti -- o~. 
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Impulse systems of the form (1) are characterized in the following way: 
For t ~ -I, t ~ t~, the solution of system (1) is determined by system ~ =f(t, x). 
At the moments t = t~ the mapping point (t, x(t)) under the influence of a 
brief force (impact, impulse) is transferred momentarily from the position 
(ti, x(ti)) to the position (h, x(tl)+ Ii(x(h)). The solutions of system (1) are 
piecewise continuous functions with points of  discontinuity of  first type { h} 
in which it is left continuous, i.e., the following relations hold: 

X(ti--O)=x(ti), X(ti+O)=x(ti)+Ax(ti)=x(ti)+Ii(x(t,)) 

In the present paper the strong stability of the zero solution of system 
(1) is investigated. In these investigations piecewise continuous auxiliary 
functions are used, which are analogs to Liapunov's functions (Simeonov 
and Bainov, 1986), as well as differential inequalities for piecewise con- 
tinuous functions. 

2. PRELIMINARY NOTES AND DEFINITIONS 

We shall say that conditions (A) are satisfied if the following conditions 
hold: 

A1. The function f(t,  x) is continuous in F and has continuous partial 
derivatives of first order with respect to all components of x. 

A2. f ( t ,  0) = 0 for t ~ L 
A3. The functions L(x), i = 1, 2 , . . . ,  are continuously differentiable in 

Bh and L(0) = 0. 
A4. There exists a number /z ( 0 < t z < h )  such that if xsB~ ,  then 

X-t- Ii(X) E nh, i = 1 , 2 , . . . .  
A5. The functions Ji (x)=x+L(x) ,  i = 1 , 2  . . . .  , are invertible in Bh 

and J~-a(x) ~ Bh for x ~ Bh. 
A6. The impulse moments {t~} form a strictly increasing sequence, 

which tends to infinity for i--> ~ .  
If conditions (A) are satisfied, then for each point (to, x0)~ F there 

exists a unique solution x(t), t> to, of  system (1) satisfying the initial 
condition X(to+O) = Xo. We shall denote this solution by x(t) = x(t; to, Xo) 
and let 3r+(to, Xo) be the maximal interval of the form (to, to) in which 
x( t; to, xo) is defined. 

We shall say that condition (B) is satisfied if the following condition 
holds: 

B. Each solution x(t; to, Xo) of system (1) that satisfies the estimate 

Ilx(t; to,Xo)]l<-hl<h for tES~+(to,Xo) 

is defined for t > to. 
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Consider the sets 

G~={( t , x )eF:  t~_~<t<t~}, i=  1 , 2 , . . .  

7% 
S~ = {(t, x ) e  F: x e B ~  i f( t ,  x) e U Gi a n d x + I ~ ( x ) e B ~  

1 

if  t = t~}, 0 < a = const 

We shall give definitions of stability of the zero solution of system (1) 
that correspond to those in Samoilenko and Perestjuk (1977) and are of 
the form used in Rouche et aL (1977). 

Definition 1. The zero solution of system (1) is called: 
(a) Stable if (Ve > 0) (Vto e I )  (B~ = 6(to, e) > 0) (Vxo e Bh: (to, Xo) e 

S~) (Vt 6 ~+( to, Xo)): IIx(t; to,/o)l[<e. 
(b) Uniformly stable if the number ~ from (a) does not depend on to. 
(c) Asymptotically stable if it is stable and (Vtoe I)  (BA = A(to) > 0) 

(Vxoe Bh: (to, Xo) s Sa): l imt_~x( t ;  to, Xo)=0. 

Definition 2. The zero solution of system (1) is called strongly stable 
if ( V e > 0 )  ( B S = 8 ( e ) > 0 )  (Vtoe I)  (VXo6Bh: (to, Xo)eSa) ( V t e I ) :  Ilx(t; 
to, xo) ll < 

It is clear that from the strong stability of the zero solution its uniform 
stability follows, which in turn implies its stability. Moreover, strong stability 
and asymptotic stability are always independent. 

We introduce the classes ~o, cff'l and ~2 of piecewise continuous 
functions. 

Definition 3. We shall say that the function V: F ~  R belongs to the 
class ~o if V is continuous in each of the sets Gi, V(t, 0) = 0 for t e / ,  and 
for each i = 1, 2 , . . .  and each point Xo e Bh there exist and are finite the limits 

V ( h - 0 ,  Xo) = lim V(t, x), V(t~ +0,  Xo) = lim V(t, x) 
( t,x )-, ( ti,Xo) ( t,x )~ ( t~,xo) 

t < t i t > t i 

and the equality V ( h -  0, Xo) = V(ti, Xo) holds. 

Definition 4. We shall say that the function V:F  ~ R belongs to class 
~ if V e ~o and V is continuously ditterentiable in each of the sets Gi. 

For each function V e ~ we define the function 

V(t, x )_OV( t ,  x) ~- ~ OV(t, x______~) f ( t ,  x) (2) 
Ot i=1 O X i  

for (t, x) e [...l~ Gi. 
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If  x( t )  is a solution of system (1), then 

d 
d t V ( t , x ( t ) ) = V ( t , x ( ) t ) )  for t e l ,  t~t~ (3) 

Definition 5. We shall say that the function V:F ~ N belongs to class 
~V2 if V e ~ and V has continuous partial derivatives of second order in 
each of the sets G~. 

Let Ve ~ If f (t, x) satisfies condition A1 and has a continuous partial 
derivative with respect to t, we can define the function 

V(t, x) Of'(t, x) + ~ OV(t, x) f ( t  ' x) (4) 
Ot i= l  OXi 

for (t, x) ~ I--J1 Gi. 
In the further considerations we shall use the class K of all functions 

a(r) : I ~ I that are continuous and strictly increasing and such that a(O) = O. 

3. MAIN RESULTS 

3.1. Liapunov's Functions and Strong Stability 

We shall establish that the existence of functions of class T~l with 
certain properties is a necessary and sufficient condition for the strong 
stability of the zero solution of system (1). 

Theorem 1. Let conditions (A) and (B) hold. 
Then the zero solution of system (1) is strongly stable if and only if 

there exists a function V ~ ~ 1 with the following properties: 
(i) a([[xll)~ V(t,x)<-b([Ix[[) for ( t , x ) ~ F  and a, b ~ K .  

(ii) f ' ( t , x ) -=0 fo r  ( t , x ) ~ F , t ~ t i .  
(iii) V(ti+0, x + L ( x ) )  = V(t~, x),  i= 1, 2 . . . .  , x ~  Bh. 

Proof. Sufficiency. Let e > 0 be given and let 

8 = 8 ( e ) <  min{e, b- l (a(e) ) ,  b-~(a(/z))} 

If  x(t) = x(t;  to, Xo) is a solution of system (1) such that to E I and (to, Xo) 
S~, then from (3) and the conditions of Theorem 1 we deduce that for t c I 
the following inequalities hold:  

a(llx(t)[I)<- v ( t ,  x ( t ) )  = V ( t o + O ,  Xo) < - b(llxoll) 
< b(6) < min{a(e), a(t~)} 

Hence I[x(t; to, xo)[[ < min{e, tz} for t ~ / ,  i.e. the zero solution of system (1) 
is strongly stable. 
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Necessary. Let the zero solution of  system (1) be strongly stable. We 
shall prove that  the funct ion 

V(t ,x )  = I IIx(~ for(t,x)6~_.JGil 

| V ( t i - O , x )  for  t =  ti 
k 

belongs to class ~ and satisfies condit ions (i)-(iii).  
The continuity of  the partial  derivatives of  V(t, x) in each o f  the 

sets G~ follows from the smoothness of  the functions f ( t ,  x) and /~(x), 
i = 1 , 2 , . . . .  

It is also clear that  V(t, O) = O, t ~ L 
Let i~ N and Xo ~ Bh. Then V(t~- O, Xo)= V(ti, Xo). Moreover ,  

V(t,+O, xo)= lim V ( t , x ) =  IIx(0; t,,Xo+ I,(xo))H 
( t,X )--~( ti,XO) 

t > t i 

= v ( t .  Xo+ Z,(Xo)) 
Hence  the funct ion V(t, x) belongs to class ~ 

Let x(0; t, x ) =  z. Then  x = x ( t ;  0, z). F rom the strong stability of  the 
zero solut ion of  system (1) it follows that Ilxll--IIx(t; 0, z)ll-< 8(llzll) for 
t c I, where 8(e) is the number  corresponding to 6 in Definition 2. We can 
assume that  8(6) is a cont inuous and strictly increasing funct ion of  6. Then  
V(t, x) = nz[[ >- 6([[xll), where 6(8) is the funct ion inverse to 8(~). It is clear 
that  6(8) ~ K. 

On the other  hand,  if ?~ I and [1~[1 < 8(6) ,  then Hx(t; ?, ~)[[ < e for  all 
t ~ L Hence  V(?, ~) = [Ix(0; ?, ~)1[ < e, which shows that V(t, x) - 0 for  x ~ 0 
uniformly in L Hence  there exists a funct ion b c K sich that V(t, x) <- b(llxll) 
for  (t, x ) ~  F, which proves that the funct ion V(t, x) satisfies condi t ion (i). 

Let t # t~ (i = 1, 2 , . . . ) .  Since 

V(t,  x ( t ;  to, Xo)) = lix(O; t, x( t ;  to, Xo))ll--[Ix(O, to, Xo)ll 

then V(t ,x ( t ;  to, Xo)) does not  depend on t. Hence  !?(t, x)--- O for ( t l x )~  
I._J 1 Gi, i.e., the funct ion V(t, x) satisfies condi t ion (ii). 

F rom the equalities 

x(0; t,, x+  Ii(x)) = x(0; li +0,  X q- I,(x)) = x(0; t i - 0 ,  x) 

it follows that  V ( ti + O, x + I~( x ) ) = V ( ti - O, x) = V ( t~, x ), i.e., condi t ion (iii) 
is satisfied. This completes  ̀  the p roo f  o f  Theorem 1. [] 

3.2. Differential Inequalities and Strong Stability 

We shall prove two lemmas which generalize well-known results on 
differential inequalities. For  this purpose  we consider  the following scalar 
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equations with impulses: 

= co~(t, u), t ~ ti; Aul,=t, = Pi(u(ti)) (5) 

where col:[to- T, to] xI~->R, f~ is an open interval in ~, and to and T are 
positive constants, to> T, Pi :f~->fl; 

b = to2(t, v), t # tl; Avlt=t, = Pi(v(ti)) (6) 

where r to+ T ] •  

/ /= co(t, u, ti), t ~ ti 

Aul,=, , = A~(ft(ti)) (7) 

Atilt=t, = B,(u( t,), u( 4) ) 

where to : [ to-  T, to+ T] x ~)I X ~~2-~ R, Ai : ~2 ~ ~~I , Bi : ~'~1• ~2e" ~Q2, ~')l and 
~2 are open intervals in R. 

Consider as well the impulsive system 

f t = F ( t , u ) ,  t ~ t  i 
(8)  

au i ,= , ,  = C,(u(t,)) 
where u c R m, F :  I • R"  ~ R m. 

Lemma 1. Let the following conditions hold: 
1. The function wl(t, u) is continuous in [ to-  T, to] • and u*( t ) : [ to-  

T, to]~ f~ is the maximal solution of (5) such that U(to+O)= u cO.  
2. The function co2(t, v) is continuous in [to, t o + T ] x O  and v*(/): 

[to, to+ T] ~ f~ is the maximal solution of (6) such that v*(to+ O)= Uo. 
3. The functions u + P~(u), i = 1, 2 , . . . ,  are monotone increasing in O. 
4. The function w(t) : [ to-  T, to+ T] ~ f~ is continuously differentiable 

in each of the intervals (t~, 4+,)~ [ to-T,  to+ T] and in the points {4} it is 
left continuous. 

5. The following inequalities hold: 

w (to + 0) -< Uo (9) 

~b(t)>-co~(t,w(t)), t ~ [ t o - T ,  to], t ~ t i  (10) 

~b(t)<-co2(t,w(t)), tO(to, to+T], t~t~ (11) 

w( ti + O ) = w( ti) + P,( w( t,) ) (12) 

Then the following inequalities hold: 

w(t)<-u*(t)  for t ~ [ t o - T ,  to] (13) 

w(t)<-v*(t)  for tO[to, to+T] (14) 

Proof. Let, for the sake of definiteness, toe(tk_~, tk]. If tC(tk_~, to], 
then from (9) and (10), applying Lemma 2.6.ix of Hatvani (1975), we obtain 
w(t)<-u*(t) ,  whence it follows that W(tk_~+O)< u*(tk_~+O). Using (12) 
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and (5), we obtain that 

W(tk-1) + Pk-l(w(tk-1)) <-- u*(tk-1) + Pk-l(U*(tk-O) 

From this inequality and condition 3 of Lemma 1 it follows that W(tk-1) <-- 
u*(tk-1) and, applying once more Lemma 2.1 of  Hatvani (1975), we 
obtain that w(t)<-u*(t) for t C(tk-2, tk-1]. By induction we prove that 
inequality (12) is satisfied for t ~ [ t o -  T, to]. In the same way inequality (14) 
is proved. I 

For the formulation of the next !emma it is necessary to introduce a 
partial ordering in R '~, which we shall define in the following natural way. 

Definition 6. Let u, v ~ R m. We set u -> v (u > v) if and only if u~ -> v~ 
(ui > vi) for i = 1, 2 , . . . ,  m, where ui(vi) is the ith component  of  the vector 
u(v). 

Definition 7. We say that the function F :  I • ~m ~ R"  is quasimonotone 
increasing if for any two points (t, u), (t, v) ~ I x R r~ and any i = 1, 2 , . . . ,  m 
we have Fi(t, u)>-F~(t, v) always when ui=vi and u>-v, i.e., for all t e l  
and any i = 1, 2 , . . . ,  m, the function F~(t, u) is nondecreasing with respect 

to ( U l , . . . ,  Ui--1, Ui+I~,..., Um). 

Lemma 2. Let the following conditions be fulfilled: 
1. The function F(t, u) is continuous and quasimonotone increasing 

in I x R m and u*(t) : [ t o -  T, to+ T] -~ R"  is the maximal solution of system 
(8) such that U(to+O)= Uo6 R". 

2. The functions u + C~(u) are monotone increasing in ~m. 
3. The function w(t) : [to - T, to+ T] ~ R '~ is continuously differentiable 

in each of  the intervals (h, t~+l) c~ [ t o -  T, to+ T] and in the points {h} it is 
left continuous. 

4. The following inequalities hold: 

W(to+O)<- Uo 

w(t)<-F(t,w(t)), t~[ to -T ,  to+T], t r  

Then 
w( h +0)  = w( ti ) + Ci( w( ti ) ) 

(15) 

(16) 

(17) 

W(t)<--u*(t) for tE[ to-T,  to+T] (18) 

The p roof  of  Lemma 2 is analogous to the proof  of  Lemma 1. 

Corollary 1. Let the following conditions hold: 
1. The function to(t, ul,  u2):[ t o -  T, to+ T] x 121 x 1~2-> g~ is continuous 

and monotone increasing with respect to ul and u*(t) : [ t o -  T, to+ T]--> 
is the maximal solution of equation (7) such that u * ( to + 0 ) = Uo ~ l l  1, ~i * ( to + 
O) = Vo ~ f12. 
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2. The inequalities 

ul + Ai(vl) <-- u2+ Ai(v2) (19) 

Vl + B,(Ul, vl) <- vz+ B,(uz, v2) (20) 

always hold when ul <-u2, v~ <-v2, ul, u2~f~ ,  v~, 'UZE~'~ 2. 

3. The function w(t ) : [ to -  T, to+ T ] ~ R  is twice continuously 
differentiable in each of  the intervals (t~, ti+l) n [ t o -  T, to+ T], and in the 
points {t~} it is left continuious and has a derivative that is left continuous 
in these points. 

4. The following relations hold: 

w(to+O)<- uo 

W ( t o + 0 )  = vo 

fv(t)<--w(t,W(t),~(t)),  t E [ t o - T ,  to+T], t • t i  

w( ti + O) <<- W( ti) q- Ai( w( ti) ) 

~b(t, + 0) <- ~b(t,) + B,(w(t,), w(ti)) 

Then w(t) < - u*(t) for t~ [ t o -  T, to+ T]. 
The proof  of Corollary 1 is a straightforward application of Lemma 2 

to the impulsive system 

t i=v ,  t # t~ 

= co(t, u, v), t ~ t~ 

Ault=, , = Ai( v( t,) ) 

Av[,=,, = S,( u( t,), v( t,) ) 

In the formulation of  the main results in this section we shall use the 
following definition: 

Definition 6. The zero solution of system (1) is called uniformly stable 
to the right (to the left) if for any e > 0 there exists 8(e) > 0 such that if 
t o e I  and (to, Xo)~S~,),  then [Ix(t; to, Xo)ll<e for all t>to (for all t~ 
[0, to]). 

The notion of uniform stability to the right coincides with the notion 
of  uniform stability introduced by K. P. Persidskii (cf. Definition lb). 

We shall formulate a necessary and sufficient condition for uniform 
stability to the left of the zero solution of (1). 

Lemma 3. The zero solution of system (1) is uniformly stable to the 
left if and only if for any e > 0 the following inequality holds: 

y(e) = inf{llx(t; to, Xo)I[: to e I, t --- to, ]lXol[--> e} > 0 
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The p r o o f  of  Lemma 3 is carried out  in the same way as the p roo f  o f  
Lemma 2.3 o f  Hatvani  (1975). 

I f  we compare  Definit ion 1 and Definition 6, we obtain the fol lowing 
lemma: 

Lemma 4. The zero solution of  system (1) is strongly stable if and only 
if it is stable to the left and to the right at the same time. 

Example. Consider  the linear impulsive system at fixed moments  o f  
time 

:~=a(t)x, t # h ;  axl,=,,=O,x(t,) (21) 

where A(t) is a square matrix, the elements o f  which are cont inuous  
functions for t ~ I ;  Qi are constant  matrices such that  de t [E  + Qi] r 0 (E  is 
the unit  matrix). Let ~b (t) be the fundamenta l  matrix of  the system ~ = A ( t ) x  
so that ~b(0) = E. In t roduce  the notat ion K(t, s) = #)(t)d~-l(s) for 0 -  s - t < 
oo and define the opera tor  

I 
K(t,s)  for h<s<-t<-ti+~ 
K(t ,h) (E+Q~)K(h,s)  for  ti_l<s<-h<t<-t~+a 

Fk+' ] 
U(t, s) = [K(t ,  t,) [)J=g (E + Qj)K(tj, tj_l) (E q- Qk)K(tk, s) 

l for tk_ 1 < s <-- t k < t i < t ~ ti+] 

Since the nontrivial solution o f  (21) is given by the formula  x ( t; to, Xo) = 
U(t, to+O)xo, then Xo = U-~(t, to+O)x(t; to, Xo). Hence,  for any e > 0  and 

IIxoll-  ~ we  have  

--Ilxoll-< II u-'it ,  to+O)ll .  Ilx(t; to, xo)ll 

whence 

[Ix(t; to, Xo)[[--> ~11 U - ' ( t ,  to+ 0)11-' 

On the other  hand,  for t = to and Ilxoll-- ~ we have 

Ilx(t; to, xo)ll = ~11 u-'(t,  to+ o)ll-' 
Hence 

3,(e)--inf{e 11 u-a(t, to+0)ll-k t - -  > to->0} 

and, applying Lemma 3, we conclude that  the zero solution of  system (21) 
is uni formly stable to the left if and only if the funct ion II u - ' (  t, s)ll is 
b o u n d e d  on the set 0 -  s -< t < oo. Moreover ,  it is clear that  the zero solution 
o f  (21) is uni formly stable to the right if and only if the funct ion II u(t, s)ll 
is b o u n d e d  on the set 0 <- s -< t < oo. Then, in virtue o f  Lemma 4, the zero 
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solution of system (21) is strongly stable if and only if the functions 1[ ~b (t)11 
and II,~-'(t)ll are bounded for t e l  

We shall formulate and prove the main results in this section. 

Theorem 2. Let conditions (A) hold and let there exist a function 
V ~ ~,  satisfying the following conditions: 

1. a(llxll) <- v(t, x) <- b(tlxll) for (t, x) E F, where a, b e K. 
2. tol(t, V(t,x))<-V(t,x)<-to2(t, V(t,x)) for ( t , x ) e F ,  t#ti,  where 

tol(t, u), to2(t, u) : I x I ~ N are continuous and tol(t, 0) = to2(t, 0) = 0 for t s L 
3. The zero solution u(t) = 0Iv(t) = 0] of equation (5) [of equation 

(6)] is uniformly stable to the left (to the right). 
4. The functions u+Pi(u) are monotone increasing in L 
5. v(t,+o, x + t , ( x ) )  = v(t,, x)+P~(V(t, x)). 
Then the zero solution of system (1) is strongly stable. 

Proof Let 0 < e < h. From condition 3 of Theorem 2 it follows that 
there exists u ( e ) >  0 such that for 0 - ~  < ~(e) ' the  following inequalities 
hold: 

0<_ u*(t; to, n ) <  a(e) (toni, O<- t<_to) 
(22) 

O<-v*(t; to, n)<a(e) (t>--to) 

where u*(t; to, ~) is the maximal solution of equation (5) such that u*(to- 
0, to, ~) = ~ and v*(t; to, ~7) is the maximal solution of equation (6) such 
that v*(to+0; to, ~7) = 7/. 

Let 0 < 8 ( e ) < m i n { e ,  b-l(~(e))}, toEI, (to, Xo)~&, and x ( t ) =  
x(t; to, Xo) is the solution of (1) such that X(to+0; to, Xo) =Xo. From condi- 
tion 1 of Theorem 2 it follows that V(to+O, Xo)< x(e). By Lemma 1 and 
(22) we obtain 

V(t,x(t))<-u*(t; to, V(to+O, xo))<a(e) for O<-t<-to 

V(t,x(t))<-v*(t; to, V(to+O, xo))<a(e) for t>to 

i.e., V(t, x(t)) < a(e) for all t ~ / ,  whence, applying once more condition 1, 
we obtain that I[x(t; to, Xo)ll < e for t~ I. The last inequality shows that the 
zero solution of system (1) is strongly stable. �9 

Theorem 3. Let the following conditions be fulfilled: 
1. Conditions (A) hold. 
2. The function f( t ,  x) has a continuous partial derivative with respect 

to t. 
3. There exists a function Ve ~2 and functions a, b, c c K such that: 
(i) a(l lxl l )-< v(t,x)<-b(llxll),(t,x)~r. 
(ii) f '(t ,x)<-c(llxll)for(t,x)~U~G, i.e., f'(t,x)-~O for x ~ 0  uni- 

formly in L 
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(iii) r  ( , ' ( t ,x))  for  ( t , x ) c r ,  t ~ t i ,  where  
w(t,  u l ,  u2): I x I x •-> R is con t inuous  and  m o n o t o n e  increas ing  on ul and  
co(t, 0 ,0 )  = 0  for  t ~ I .  

(iv) V(ti+O, x + I i (x ) )  <- V(4 ,  x ) +  ai ( lk( t , ,  x)) .  
(v) 12(4+0,  x +  I i (x ) )  < -- l?(tl, x ) +  B, (V( t i ,  x) ,  ~r(ti, x)) .  
4. C o n d i t i o n  2 o f  C o r o l l a r y  1 is satisfied. 
5. The  zero so lu t ion  o f  equa t ion  (7) is s t rongly  u-s table ,  i.e., (Ve > 0) 

('=la(e)> O) ( V t o ~ I )  (VUo 0----- u0<  6 (e ) )  ('V'tioE R, luol<a(e)) ( V t ~  I ) :  O----- 
u(t;  to, Uo, r io)< e. 

Then  the zero so lu t ion  o f  system (1) is s t rongly  stable.  
The p r o o f  o f  T h e o r e m  3 is ana logous  to the  p r o o f  o f  T he o re m 2, with 

the  only  difference tha t  ins tead  o f  L e m m a  1, Co ro l l a ry  1 is used.  
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